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1. Introduction

Chaos synchronization has been studied since the pioneering work of Pecora and Carroll [1] was published. It has
attracted great attention due to its superior potential applications, for examples, in communication, laser physics and
optics, mechanics, and chemistry. Many methods have been developed for synchronizing of chaos such as, for example,
linear control [2,3], LMI-based approach [4,5], backstepping design [6], sliding control [7], adaptive control [8], active
control [9], and passivity-based control [10-15].

In recent years, the study of chaos synchronization has more focused on hyperchaotic systems because of their rich
chaos behaviors. The hyperchaotic systems are characterized by multiple positive Lyapunov exponents. The first example
of the hyperchaotic systems was presented by Rossler in 1979 [16]. Since then, other hyperchaotic systems have been
reported [17-20]. Nowadays, some methods have been proposed for synchronization of the hyperchaotic systems such as,
for examples, backstepping design [21], sliding control [22], Lyapunov-based control [23,24]. When the parameters of the
systems are uncertain or unknown, adaptive control techniques can be utilized to eliminate the influence of the
uncertainty [25-27].

The passivity theory is considered as an alternative tool for analyzing stability of nonlinear systems and designing
controllers for nonlinear systems [28-32]. Recently, the concept of passivity has attracted new interest in chaos control
and synchronization. For example, Chen and Liu [10] developed a passivity-based controller for chaos suppression of a
unified chaotic system. A simple linear state feedback controller was obtained. In Ref. [11], Kemih made used of the
stability properties of passive systems to derive a controller to suppress chaos of a nuclear spin generator system. Wang
and Liu [12] presented a passivity feedback control design to synchronize unified chaotic systems. The knowledge of the
bound of a system state is needed to derive the control law. The effectiveness of the design was illustrated using numerical
simulation results for Lorenz, Lii, and Chen systems. Zhang and Lu [13] proposed a passivity-based control for chaos control
and synchronization of the hyperchaotic Chen system. The approach can be applied to other hyperchaotic systems as well.
However, like the work in Ref. [12], the approach needs to know the bound of a system state. Although the bound usually

* Corresponding author. Tel.: +662 913 2500; fax: +662 586 9541.
E-mail addresses: suwat@kmutnb.ac.th, suwatkd@gmail.com (S. Kuntanapreeda).

0022-460X/$ - see front matter © 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j,jsv.2010.01.019


www.elsevier.com/locate/jsvi
dx.doi.org/10.1016/j.jsv.2010.01.019
mailto:suwat@kmutnb.ac.th
mailto:suwatkd@gmail.com

T. Sangpet, S. Kuntanapreeda / Journal of Sound and Vibration 329 (2010) 2490-2496 2491

can be easily found from extensive numerical simulations, this might not be applicable for a system with unknown
parameters.

As far as passivity-based adaptive control for chaos suppression and synchronization is concerned, Wei and Luo [14]
presented a passivity-based adaptive control law to suppress chaos of a second order power system. There is only one
parameter that is assumed to have uncertainty. The similar approach was also applied to a space-clamped FitzHugh-
Nagumo neurons problem [15].

This paper proposes an adaptive passivity-based control design for synchronization of hyperchaotic systems with
unknown parameters. The problem is very similar to the problems presented in Refs. [26,27]. However, based on the
passivity concept, there are only two control signals needed, instead of four signals. The proposed design could also be
considered as an extension of the work in Ref. [13]. The extension includes that the control design is adaptive and it does
not require the knowledge of the bound of a system state. Computer simulations are used to illustrate the effectiveness of
the proposed approach. Hyperchaotic Lii systems are taken as illustrative examples.

2. Passivity and passivity feedback control

Consider the nonlinear affine system
x=f)+gWu, y=nhx (1)

where the state xeR", the input ueR™, and output yeR™. f and the m columns of g are smooth vector fields and h is a
smooth mapping. It is assumed that the origin x=0 is an equilibrium point of the system. The internal dynamics of system
(1) which are consistent with the constraint y=0 is defined as the zero-dynamics. System (1) is said to be zero-state
detectable if u=0 and y=0 imply }Lrglox(t) =0.

System (1) is passive if there exists a positive semidefinite function V(x), called a storage function, such that for vt >0
satisfying

V(X)—V(x0) < / A;u(r)Ty(r)dr. (2)
If the storage function V(x) is differentiable, Eq. (2) can be expressed in the derivative form as
uly>V. (3)
Moreover, system (1) is output strictly passive if
uly>V+yTe@y) and y'o(y)>0, Vvy=0 (4)
for some function o. It is strictly passive if
uly =V +(y) (5)

for some positive definite function .

A passive system having a positive definite storage function is Lyapunov stable. If the system is strictly passive or
output strictly passive and zero-state detectable, its origin is asymptotically stable. Furthermore, if the storage function is
radially unbounded, the origin is globally asymptotically stable [28,29].

Passivity feedback control, also known as feedback passivation, is a problem of finding the feedback transformation or
control law

=00+ (6)
such that the equivalent system

x =f()+gx)ouUx)+gX) P, y=h(x)
of system (1) is passive. Here o(x) and f(x) are smooth functions. f(x) is also invertible for all x. v is the transformed input of the
equivalent system. If system (1) has unknown parameters, the control law (6) may be replaced by an adaptive control law [30]
u=ox, k)+px, kv, k=yxv,k (7)

where k is the time-varying gain.
When system (1) has relative degree one at the origin and the distribution spanned by the vector fields g;(x), ..., gn(x) is
involutive, it can be represented as the normal form [28]
z2=fo(@+pzy)y, y=>bzy)+azyu (8)
where (zy) is a new coordinate of the system, locally defined in the neighborhood of the origin, and zeR"™. a(zyy) is
nonsingular for all (z,y) in the neighborhood of the origin. Setting y=0 in (8) yields the zero dynamic
z=fo(2). (9)
The stability of the zero-dynamics is a necessary condition for the passivity feedback control design. Therefore, system
(8) cannot be made passive by the feedback control law if its zero-dynamics is unstable [28].
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By considering (8), the passivity feedback control can also be restated as a problem of finding the feedback control law

u=ozy)+pzyw (10)

u=ozy,k)+pzy kv or k= Yz, y,v,k) (11)
such that the system
z=fo@)+pzy)y. y=>bzy)+azyy()+azy)BC)w

is passive.

3. Systems description

A Hyperchaotic Lii system will be taken as an illustrative example. The hyperchaotic Ll system [18] is described by

X1=0a(Xa—X1)+X4,

Xy = —X1X3+CX3,

5(3 =X]X2—bX3,

X4 =X1X3+TXg, (12)

wherex=[X1 X2 X3 X4]"is the state variable, a, b, ¢, d are positive parameters, r is a parameter. When a=36, b=3, c=20,
and —0.35 <r< 1.3, system (12) becomes hyperchaotic.

4. Synchronization of hyperchaotic lii systems

From Eq. (12), the master and the slave hyperchaotic Ll systems are described, respectively, by the following equations:
Xml = a(me —xm1)+xm4, sz = —Xm1Xm3 +CXm2, Xm3 = Xmlme_bXnBa Xm4 =Xm1Xm3 +1Xm4, (13)
and
xﬂ = a(XSZ —Xs1 ) +Xs4, XSZ = —X51Xs3 +CXs2 + U1, xs3 = XSlXSZ_be?n Xs4 = X51Xs3 +1Xs4 +Up, (14)
where the subscripts m and s stand for the master and the slave, respectively, and u;, u, are the only two control signals
used to drive the slave system to synchronize the master system.
By defining the synchonization errors as e;=Xs; — Xm1, €2=Xs2 — Xm2, €3=Xs3 —Xm3, €4=Xs4 —Xma4 and using (13) and (14), the
synchronization error system is
é1=a(ey—ey)+ey, €3 =—(XaX3—Xm1Xm3)+Cer+Uy, €3 =Xs1X2—Xm1Xm2)—bes, €4 = (Xs1Xs3—Xin1Xm3)+Treg+1Uy.
(15)
Since Xs1Xs3 —Xm1Xm3=€1€3+€1Xm3+€3Xm1 and Xs1Xs — Xm1Xm2=€1€2+€1Xm2 +€3Xm2,
é1=a(e;—e1)+es, €3=—e163—€1Xy3—€3Xm1+Cey+1U1, €3=0e162+62Xm1+e1Xma—bes, €4 =eie3+e3Xp1 +e1Xm3+res+uy
(16)

By choosing the system output y=[y; y.]=[e> e4]" and defining a new coordinate z=[z; z;]=[e; es]’, system (16)
can be written in the normal form (8) as

Z1=—azZ1+ay1+Y2, Z2=ZiXm—bza+ @1 +Xm1)V1, V1 =-Z1Z2-Z1Xm3—Z2Xm1 + Y1+ U1, Vo =Z1Z2+Z1Xm3 +ZoXm1 +1Y2 +U
(17a)

or
z=fo(@)+pzy)y, y=>bzy+aizyu, (17b)

where

U uq f— —azq 7 _ a 1 bz B —2Z122—Z1Xm3—22Xm1 +CY1 alz _ 1 0
| fo= s | PEN=|, o] ban=| o (,y)—[o 1}.

The stability of the zero-dynamics must be verified prior to performing the passivity feedback control design. By setting
y1—Y2=0 in (17), the zero-dynamics is
Z1=—-0az1, 2y =Z1Xm2—b22. (]8)

Note that, for the hyperchaotic Lii systems, a > b and a > 1. Define

1 1 1
W(z) = iz%+ 5 @1Xm2 +zz)2+i(a—b)z§ (19)
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as a Lyapunov function candidate for the zero-dynamics. Taking its derivative with respect to time yields
; ow
W= Efo(z) = —0z1(Z1 + (Z1Xm2 +22)Xm2) + (21 Xm2—b22) (21 Xim2 + 22) 4 (a—b)27)

= —az?—(b+ab—b*ZE—(a—1)z3x2, +(1-2b)z1 ZoXm>

2 2
= 7az¥—(b+ab—b2)z§—(a—l){z1xm2—< 1-2b )zz} + {(1_21)) ]z%

2(a-1) 4(a-1)
1-2b 2 Tab(a—b
:—az%—(a—l){zlxm2—<m>zz} _{a a(a_1 )}z§<0. (20)

Therefore, the zero-dynamics is asymptotically stable at the origin.
If the system parameters a, b, ¢, r are known, take

1 1
Vo=W+ Y3 +213 (21)
as a storage function candidate for system (17). The function V; is positive definite and radially unbounded. Taking its
derivative with respect to time yields
. ow ow . .
Vo= fo@+——PEy)y+y1y1+y2y>.
Using (20) results

Vo < y1(a(z1 +(Z1Xm2 +22)Xm2) + (21 +Xm1)((Z1Xm2 +22) +(a—b)z2))
+Y1(=2122—Z1Xm3—Z2Xm1 + €Y1 +U1) +Y2(Z1 +(Z1Xm2 +22)Xm2) +Y2(2122 + 21 Xm3 + ZaXm1 +1Y2 + U2)
= y1(az21(1 +X25 +22) + 22 Xz + 21 Xm1 Xm2 + AZoXmz —bZ1 23 + AZoXim1 —bZaXim1 —21 Xm3 + €Y1 + 1)
+Y2(21 + 2122+ 21 X5y + ZoXm2 + 21 Xm3 + ZoXm1 +1Y2 +Uz). = Y1((@—D)(Z1 +Xm1 )22 +A(Z1 +21 X575 +Z2Xm2)
+21(Z1Xm2 +Xm1 Xm2 —Xm3) + €Y1 +U1) +Y2(1V2 + 21 (1 +22 + X2 +Xm3) + 22 (Xm1 +Xma) +Uz)

Choosing
Uy = —(a—b)(z1 +Xm1)22—a(21 + 21X +Z2Xm2) —(C+ P)Y1 —2Z1 (21 Xim2 + Xim1 Xim2 —Xm3) -+ V1
Uy = —(r+p)Y2—21(1+ 22+ Xy +Xm3)—22(Xm1 +Xm2)+ V2, p >0 (22)
yields
Vo <viy1+02y2—pyi—pys =v'y—py'y (23)
or
vy =Vo+py'y

which satisfies (4). Here, v=[v; v,]"is the transformed input. Thus, when the parameters a, b, c, r are known, the feedback
control law (22) renders system (17) passive.
However, the parameters q, b, ¢, r are actually unknown. Modify (22) as

U1 = —k1(6)(Z1 +Xm1)22 —ka ()21 +21X25 +Z2Xm2) — k3 (O)Y1 =21 (21 Xim2 + Xm1 Xm2 —Xm3) + V1
Uy = —ka(O)y2—21(1 +22 + X2 +Xim3)—2Z2(Xm1 +Xm2) + V2 (24)

where kq(t), ka(t), k3(t), ka(t) are time varying gains. Define 0:(t)=k;(t)—(a—b), 0:(t)=ks(t)—a, O5(t)=ks(t)—(c+p), and
04(t)=k4(t)—(r+p) with the dynamics

0O=kiO=71@y). 020=kaO=7,@y). 03O=ks(O=73@Y) 04)=ka(®)=742.y) (25)
where the functions )4, Y2, 73, 74, will be determined later. Take
1 1 1 1 1 1
V=W+§y¥+§y§+§6f+§0§+§0§+jei (26)

as a storage function candidate. The function V is positive definite and radially unbounded. Taking its derivative with
respect to time yields

oW oW ] ] , , . .
V= fo@+ D@y +y1y1+Y2Y2+0101+0205+0303+0404.
Using (20) results
V < y1(a(@1 +(21Xm2 +22)Xm2) + (21 +Xm1)(Z1Xm2 +22) +(a—b)z2))
+Y1(=2122—Z1Xm3 —Z2Xm1 +CY1 +U1) +Y2(Z1 +(Z1Xm2 +22)Xm2) +Y2(21Z2 +Z1Xm3 +Z2Xm1 +TY2 +U3)
+0171@Y)+02752.Y)+ 03732, Y)+ 04742 y) = Y1 ((@—b)(Z1 +Xm1)Z2 + (21 + 21 X713 +Z2Xm2)
+21(21Xm2 + Xm1 Xm2 —Xm3) + €Y1 +U1) + Y2 (1V2 +21(1 +22 + X215 +Xm3) + 22 (Xim1 +Xm2) +U2)
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+(k1(H)—(a—b))y1(z. ¥)+ (k2 ()—a)y,(2,y)
+(k3(O)—(Cc+ )32, Y)+ (ka(O)—(r+ )42, Y) (27)
Substituting the control law (24) yields

V <y1((=k1(0)+(@—b))(z1 +Xm1)22 +(—ka(t) +a)(z1 +21X25 +Z2Xm2)
+(=k3() +0y1 +11) +Y2(—ka(t) +1)y2 + v2) + (k1 () —(a—b)y1 (2. y) + (ka (D) — ) (2. y)
+(k3(O)—(c+ p)y3(2, ¥) + (ka(O)—(r+ 0))74(2,y) = (k1 ()= (@—b))(71(2, )= (21 +Xm1)Z2Y1)
+ (ko (H)—a)(75(2,Y)— (21 + 21X + ZaXm2)y 1) + (k3 (D) —(C+ P)(73(Z.Y) =YD —py3 + V11
+(ka()—(r+ P)(74(Z.Y)-Y3)—pY3 + V2y2

Choosing
M@Y= @1 +Xm)22Y1, 72@Y) = @1+ 21 Xey +2Xm2)V1, V3@ V) =VE 142.Y) =Y3 (28)
results
V < —pyi +v1y1—py5+vay2 =vTy—py'y
or
vy >V +py'y
which satisfies (4). Substituting (28) into (25) yields
ki(t) = (21 +xm)22y1. ka(t) = @1+ 21X +Zaxm2)y1. ks(©)=Y3, ka(t)=y3 (29)

Therefore, the feedback control law (24) with the time-varying gains (29) adaptively renders system (17) passive.
By replacing z;=eq, zx=€3, y1=€3, ¥2=€4, and setting v;=v,=0, Egs. (24) and (29) can be rewritten as

Uy = —kq(t)(€1 +Xm1)e3—ka(t)(e1 +e1x2; +e3xm2)—ks (e —e1(e1Xma +Xim1 Xm2 —Xm3)
Uy = —ka(t)es—e1(1+e3+x25 +Xm3)—€3(Xm1 +Xm2) (30)

and

ki(t)=(e1+xm1)ezes, ka(t)=(e1+e1xi, +esxm)er, ks()=e3, ka()=e3 (31)

50 T T T T
) 0 J\/\’\/
-50 r r r
0 1 2 3 4 5
50 T T T T
& 0 ﬂ/\/\,‘“‘“
-50 r r r r
0 1 2 3 4 5
50 T T T T
s opf>
_50 I I I
0 1 2 3 4 5
100 T T T T
5 0 __\/\_/—f—\
_100 I I I
0 1 2 3 4 5
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Fig. 1. Synchronous errors of the hyperchaotic Lii systems.
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Fig. 2. Time varying gains for synchronizing the hyperchaotic Lii systems.

respectively. Thus, the synchronization error (17) with the adaptive control law (30) and the time varying gains (31) is
asymptotically stable at the origin. Therefore, the synchronization errors converge to zero, resulting in two synchronized
hyperchaotic Lii systems as desired.

Note that since the control law (30) is not simple the realization of the controller using hardware circuit may be too
difficult. Thus, other realization technologies may be needed.

5. Simulation study

Numerical simulations are conducted in this section to confirm the effectiveness of the designed passivity-based
adaptive controller. The parameters of the hyperchaotic Lii systems are selected as a=36, b=3, c=20, r=1.3, so the systems
exhibit hyperchaotic behaviors. Fig. 1 shows the convergence of the synchronization errors. The initial conditions of the
master system and the slave system are x,, =[5 10 15 20]" andx,=[1 2 3 4], respectively. The initial values of
the gains kq(t), ka(t), k3(t), ka(t), are set to be one. The controller is activated at t=1s. As it can be seen in Fig. 1, the adaptive
control law (30) with the time varying gains (31) can effectively synchronize the slave system to the master system as
desired. The convergence of the varying gains is shown in Fig. 2.

6. Conclusions

Adaptive synchronization control for hyperchaotic systems using a passivity feedback control with time-varying gains
approach has been proposed. There are only two control signals needed, instead of four signals as done in Refs. [26,27]. By
choosing a novel Lyapunov function for zero dynamics, the derived adaptive control law does not require the knowledge of
the bound of a system state. This could be considered as an extension of the work in Ref. [13]. Numerical simulations have
illustrated that the proposed adaptive controllers are able to drive the states of the slave hyperchaotic Lii system to
asymptotically synchronize the states of the master hyperchaotic Lii system effectively.
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